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1. Preliminaries
A polygon with the vertices A1, ..., An (in this order) will be denoted by A1...An.
The lengths of the sides of the polygon A1...An will be denoted by |A1A2|, ..., |AnA1|
or a1, ..., an. The interior angle at the vertex Ai will be denoted by αi or ∠Ai, i.e.
∠Ai = ∠An−1+iAiAi+1, i = 1, ..., n (0 < αi < pi). (1)
Of course, indices are calculated modulo n.
A polygon A = A1...An is a tangential polygon if there exists a circle C such
that each side of A is on a tangent line of C.
Definition 1. Let A = A1...An be a tangential polygon, and let k be a positive
integer such that k ≤ bn−12 c, that is, k ≤ n−12 if n is odd and k ≤ n−22 if n is
even. Then the polygon A will be called a k-tangential polygon if any two of its
consecutive sides have only one point in common, and if there holds
β1 + · · ·+ βn = (n − 2k)pi2 , (2)
where 2βi = ∠Ai, i = 1, ..., n.




where ϕi = ∠AiCAi+1 and C is the centre of the circle inscribed into the polygon
A. Namely, from this and the relation 2βi = ∠Ai it follows that
βi + βi+1 = pi − ϕi, i = 1, ..., n




(βi + βi+1) = npi − 2kpi,
n∑
i=1
αi = (n− 2k)pi.
For example, the tangential star-like pentagon is a 2-tangential polygon (Fig-
ure 1). Let us remark that the integer k can be most n−1
2
if n is odd and n−2
2
if n
is even. If A = A1...An is a k-tangential polygon and if t1, ..., tn are the lengths of
its tangents, then
ti = r · ctgβi, i = 1, ..., n (3)
where r is the radius of the circle inscribed to A.
Figure 1.
2. Some properties and relations concerning k-tangential poly-
gons
First we consider the existence of a k-tangential polygon.
Theorem 1. Let a1, ..., an, t1, ..., tn be any given lengths (in fact positive numbers)
such that
ti + ti+1 = ai, i = 1, ..., n
and let k be a positive integer such that k ≤ bn−12 c. Then there exists a k-tangential
polygon whose sides have the lengths a1, ..., an.
Proof. It is sufficient to prove that there exist acute angles β1, ...., βn such that
t1tgβ1 = · · ·= tntgβn (4)
β1 + · · ·+ βn = (n − 2k)pi2 . (5)




tgβ1, i = 2, ..., n (6)
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For any choice of the acute angle β1 there are completely determined acute
angles β2, ..., βn and there holds one of the relations
β1 + · · ·+ βn < (n − 2k)pi2 (7)
β1 + · · ·+ βn = (n − 2k)pi2 (8)
β1 + · · ·+ βn > (n− 2k)pi2 . (9)
If there holds (7) or (9), let then β1 increase or decrease until (8) holds. It is
possible because tgβ is a continuous function for 0 < β < pi
2
.
When (4) and (5) hold, then, as it is easily seen, we have
t1tgβ1 = · · · = tntgβn = rk, (10)
where rk is the radius of the circle inscribed to the corresponding a k-tangential
polygon. So, Theorem1 is proved. 2
Corollary 1. Let n ≥ 3 be an odd number, and let a1, ..., an be given lengths.
Then for any k ≤ n−12 there exists a k-tangential polygon whose sides have lengths
a1, ..., an if and only if
n−1∑
i=0
(−1)2+iai+j > 0, j = 1, ..., n. (11)
Proof. The solution of the system
ti + ti+1 = ai, i = 1, ..., n (12)




(−1)2+iai+j, j = 1, ..., n.
2




ai > 2kaj, j = 1, ..., n (13)
where k = n−1
2
.
Corollary 2. Let n ≥ 4 be an even number, and let a1, ..., an be given lengths.
Then for any k ≤ n−22 there exists a k-tangential polygon whose sides have lengths
a1, ..., an if and only if it is fulfilled
n∑
i=1
(−1)iai = 0, (14)
200 M. Radic´





(−1)i+1ai, j = 1, ..., n.
Proof. If (14) is not valid, then the system
ti + ti+1 = ai, i = 1, ..., n (16)
has no solution. In the case when (14) is valid, then the above system has infinitely
many solutions. But it can happen that none of these is positive. To see that the
system (16) has infinitely many positive solutions if (14) and (15) are valid, it can
be concluded as follows:
From (16) it follows
t2 = a1 − t1,
t3 = a2 − a1 + t1,
t4 = a3 − a2 + a1 − t1,
...
In order to have t1, ..., tn positive, it must be
t1 < a1
a1 − a2 < t1
t1 < a1 − a2 + a3
...
2
Before making a statement of the following theorem we introduce some nota-
tions.
Symbol Snj . Let t1, ..., tn be any given lengths of some line segments, and let j be











ti1 · · · tij .
For example, if n = 3, then
S31 = t1 + t2 + t3, S
3
2 = t1t2 + t2t3 + t3t1, S
3
3 = t1t2t3.
Symbol Cnj . Let β1, ..., βn be any given angles such that
0 < βi <
pi
2
, i = 1, ..., n





products of the form ctgβi1 ...ctgβij , where i1, ..., ij are different elements of the set
{1, ..., n}.
Tangential polygons 201
Now we can express the connection between the lengths t1, ..., tn of the tangents
of the given k-tangential polygon and the radius r of its circle. For the reason of
simplicity we shall first consider a 1-tangential polygon.
Theorem 2. Let n ≥ 3 be any given odd number. Then
Sn1 r
n−1 − Sn3 rn−3 + Sn5 rn−5 − · · ·+ (−1)sSnn = 0, (17)
Sn+11 r
n−1 − Sn+13 rn−3 + Sn+15 rn−5 − · · ·+ (−1)sSn+1n = 0, (18)
where s = (1 + 3 + 5 + · · ·+ n) + 1.
Proof. First we state some special cases:
S31r
2 − S33 = 0 (triangle)
S41r
2 − S43 = 0 (quadrangle)
S51r
4 − S53r2 + S55 = 0 (pentagon)
S61r
4 − S63r2 + S65 = 0 (hexagon)
S71r
6 − S73r4 + S75r2 − S77 = 0 (heptagon)
S81r
6 − S83r4 + S85r2 − S87 = 0 (octagon)
In proving this theorem the following lemma will be used.
Lemma 1. Let n ≥ 3 be a given odd number. If β1, ..., βn are acute angles such
that β1 + · · ·+ βn = (n− 2)pi2 , then
Cn1 −Cn3 + Cn5 − ...+ (−1)sCnn = 0, (19)
and if β1, ..., βn+1 are acute angles such that β1 + · · ·+ βn+1 = (n− 1)pi2 , then
Cn+11 −Cn+13 +Cn+15 − · · ·+ (−1)sCn+1n = 0, (20)
where in both s = (1 + 3 + 5+ · · ·+ n) + 1.
Proof of Lemma1. If ϕ1, ϕ2, ϕ3, ... are acute angles, it can be easily found
that
ctg(ϕ1 + ϕ2) =
C22 − 1
C21
ctg(ϕ1 + ϕ2 + ϕ3) =
C33 −C31
C32 − 1
ctg(ϕ1 + ϕ2 + ϕ3 + ϕ4) =
C44 − C42 + 1
C43 −C41
ctg(ϕ1 + ϕ2 + ϕ3 + ϕ4 + ϕ5) =
C55 − C53 + C51
C54 − C52 + 1
, · · ·
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By using induction on n, it can be proved that it generally holds







, n = 2k + 1 (21)







, n = 2k. (22)
From this, it is easy to see that (19) and (20) hold, because if β1 + · · ·+ βn =
(n − 2)pi
2
, and n is odd, then









and this can be written as (19). Similar holds for the even number n+ 1. 2
Now, let us return to the relations (17) and (18). We obtain these relations if
in (19) and (20) we put ti
r
instead ctgβi. 2
Having proved Theorem2 we are going to consider some of its corollaries.
Corollary 3. Let m be a positive integer such that m = n−12 if n ≥ 3 is odd, and
let rk, k = 1, ...,m be the radius of a k-tangential polygon whose lengths of tangents
are t1, ..., tn. Then every rk is a solution of the equation (17), i.e.
Sn1 r
n−1
k − Sn3 rn−3k + Sn5 rn−5k − · · ·+ (−1)sSnn = 0. (23)
Similar holds for the equation (18) where n+ 1 is an even number.
Proof. If instead of β1+ · · ·+ βn = (n− 2)pi2 we put β1+ · · ·+ βn = (n− 2k)pi2 ,














Similar holds if instead of β1+· · ·+βn+1 = (n+1−2)pi2 we take β1+· · ·+βn+1 =
(n + 1− 2k)pi2 . 2
Here are some examples which may be interesting.
(i) If n = 5 and tj = j, j = 1, 2, 3, 4, 5, then
15r4k − 195r2k + 120 = 0, k = 1, 2
r1 ≈ 3.51459, r2 ≈ 0.80477.
(ii) If n = 6 and tj = j, j = 1, 2, ..., 6, then
21r4k − 735r2k + 1764 = 0, k = 1, 2
r1 ≈ 5.69280, r2 ≈ 1.60995.
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(iii) If n = 7 and tj = j, j = 1, 2, ...,7, then
28r6k − 1960r4k + 13132r2k − 5040 = 0, k = 1, 2, 3
r1 ≈ 7.90871, r2 ≈ 2.65399, r3 ≈ 0.63919.
Figure 2.
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Corollary 4. The equations
Sn1 x
n−1
2 − Sn3 x
n−3
2 + Sn5 x
n−5
2 − · · ·+ (−1)sSnn = 0
Sn+11 x
n−1
2 − Sn+13 x
n−3
2 + Sn+15 x
n−5
2 − · · ·+ (−1)sSn+1n = 0
have all positive solutions.
Of course, t1, ..., tn, tn+1may be arbitrary positive numbers because to the length
of a line segment there corresponds a positive number. For example, if t1, ..., t6 are
arbitrary positive numbers, then
S51x
2 − S53x+ S55 = 0,
S61x
2 − S63x+ S65 = 0,
where
(S53 )
2 − 4S51S55 > 0,
(S63 )
2 − 4S61S65 > 0.






































































Generally, if m = n−12 when n is odd and m =
n−2
2 when n is even, then there
are m tangential n-gons with equal sides and equal interior angles. For example, if
n = 9 the situation is shown in Figure4. (where the regular 1-tangential 9-gon is
not drawn).



































Let us remark that in the case when k|n, the vertices Ai+n/k, i = 1, ..., n/k are
identical.
Before stating the following corollary we shall introduce one symbol. By T (k, n)
we shall denote a k-tangential n-gon, k = 1, ..., bn−12 c, whose tangents have a prop-
erty that t1 = t2 = · · · = tn = 1.
Corollary 5. If rk is the radius of the circle inscribed to T (k, n), then by the ex-
pression






, k = 1, ..., bn− 1
2
c (24)











2 = 0, n is odd (25)











2 = 0, n is even. (26)







































= 0, n even
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we obtain the equations (25) and (26).
From β1 + · · ·+ βn = (n− 2k)pi2 , in the case when β1 = · · · = βn = β, it follows




















































Similar holds when n is even.
Proof. The above equations are Vieta’s formulas for the equation (25). 2
Corollary 7. If r2k, k ∈
{
1, ..., bn−12 c
}
is a solution of the equation (25) or (26)


















arc tgrk = (n− 2k) pi2n.
2
In order to define the left-hand side of (27) (rk ≤ 1), the condition (n−2k) pi2n ≤ pi4
or n ≤ 4k must be fulfilled. For example:
if k = 1, then n = 3, 4
if k = 2, then n = 5, 6, 7, 8
if k = 3, then n = 7, 8, 9, 10, 11,12








+ · · · = pi
4
.
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